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Introduction
We follow the notations and terminology of [1] except otherwise stated. For an integer k > 0, Z k denotes the set of all integers modulo k, as well as the cyclic group of order k. Let G be a graph, l > 0 be an integer, x ∈ V (G) and X ⊆ V (G). Define D l (G) = {v ∈ V (G) | d G (v) = l}, N G (x) = {v ∈ V (G)|vx ∈ E(G)} and G[X ] the graph induced by X .
Broersma and Veldman introduced the concept of k-triangular graphs in [2] . A graph G is k-triangular if each edge of G is in at least k triangles. A 1-triangular graph is also referred to as a triangular graph.
Let G be a digraph, A be a nontrivial additive Abelian group and A * be the set of nonzero elements in A. For any v ∈ V (G), we denote the set of all edges with tails at v by E + (v) and heads at v by E − (v).
E-mail address: zhou@kutztown.edu (J. Zhou). An undirected graph G is A-connected, if G has an orientation G ′ such that for every function
It has been observed in [5] that whether G is A-connected is independent of the orientation of G. For an Abelian group A, let ⟨A⟩ denote the family of graphs that are A-connected.
The nowhere-zero flow problems were introduced by Tutte [8] and surveyed by Jaeger in [4] and by Zhang in [11] . The concept of A-connectivity was introduced by Jaeger et al. in [5] , where A-NZF's were successfully generalized to A-connectivity.
The group connectivity number of a 2-edge-connected graph G is defined as
In [10] , it is shown that if c(G) denote the circumference of G (length of a longest circuit), then
exists as a finite number. This paper is motivated by the following conjectures.
Conjecture 1.1 (Tutte, Unsolved Problem 48 in [1] ). Every 4-edge-connected graph admits a Z 3 -NZF.
Conjecture 1.2 (Jaeger et al. [5]). If G is
A weaker version of Conjecture 1.1 is also posed by Xu and Zhang in [9] . [9] ). Every 4-edge-connected triangular graph has a Z 3 -NZF.
Conjecture 1.3 (Xu and Zhang
It was further asked (Problem 1 in [7] ) whether every 4-edge-connected triangular graph is Z 3 -connected. This was shown in the negative in [7] . Moreover, a recent result in [3] by Fan et al. indicated that there exist infinitely many 3-edge-connected 2-triangular graphs that are not Z 3 -connected. These motivate the authors to consider the Z 3 -connectivity of 4-edge-connected 2-triangular graphs. The main results of this paper are the following. In Section 2, we summarize some of the useful tools in the proof. In Section 3, we assume the validity of Theorem 1.4 to prove Corollaries 1.5 and 1.6, and present examples to show the sharpness of our main results. Section 4 will be devoted to the proof of Theorem 1.4.
Useful lemmas
Let G be a graph and X ⊆ E(G) be an edge subset. The contraction G/X is the graph obtained from G It has been observed in [5] that a cycle C is A-connected if and only if |E(C)| < |A|. Therefore, for a connected graph G, if every edge of G lies in a cycle of length at most k, then Λ g (G) ≤ k + 1. The case in which k = 3 is needed in the proof.
Lemma 2.2. If G is connected and triangular, then
(1)
Two edges e, e
. Such a triangle-path is also referred as an (e, e ′ )-triangle-path.
Two edges e, e ′ ∈ E(G) are equivalent if they are the same, parallel or triangularly connected. One can easily verify that this is an equivalence relation. Each equivalence class is called a triangularly connected component. A graph G is triangularly connected if it has only one triangularly connected component.
A wheel W n is the graph obtained from C n by adding one vertex and joining it to each vertex of C n . A fan F n is the graph obtained from P n by adding one vertex and joining it to each vertex of P n . Clearly,
Let G 1 , G 2 be two disjoint graphs. As in [3] , G 1 ⊕ 2 G 2 , called the parallel connection of G 1 and G 2 , is defined to be the graph obtained from G 1 ∪ G 2 by identifying exactly one edge.
Let W F be the family of graphs that satisfy the following conditions:
Define W F 2 to be the family of graphs such that a graph G ∈ W F 2 if and only if G ∈ W F and G is 2-triangular. Proof. By the assumptions, it is obvious that G is 2-edge-connected. Choose X = {e 1 , e 2 } to be a minimal edge-cut of G such that one component of G\X , say G 1 , has the fewest vertices, that is, |V (G 1 )| is minimized. Denote the other component of G \ X by G 2 . If e 1 , e 2 are parallel edges, by the choice of e 1 , e 2 , G 1 is edgeless and so G 1 has a vertex of degree 2 of G, that is, δ(G) = 2. Now suppose that e 1 , e 2 are not parallel edges. If G 1 has an edge e 3 , then it is contained in a minimal edge cut Y = {e 3 , e 4 } of G.
Denote the two components of
is a minimal 2-edge-cut of G such that G \ Z has a component with fewer vertices than G 1 , contradicting the choice of X . Therefore, G 1 is edgeless and so G 1 has a vertex of degree 2 of G, that is,
Main theorems Proposition 3.1. Let H be a triangularly connected 2-triangular graph such that H is not Z 3 -connected.
Then each of the following holds. 
(iii) Define T (H) to be the graph such that the vertices of T (H) are the maximal odd wheels and the maximal fans of H, and two vertices of T (H) are adjacent if their corresponding graphs in G share one edge. By the definition of W F , T (H) is a tree. Furthermore, by the fact that H ∈ W F 2 , each pendent vertex of T (H) corresponds to a K 4 of H, which has at least two vertices of degree 3 in it. Otherwise, there is at least one edge which is contained in only one triangle. Since T (H) has at least two pendent vertices, there are at least 4 distinct vertices in H with degree 3.
(iv) Suppose that X is an essential edge cut of H. Since H is 2-triangularly connected, |X| ≥ 3. Suppose that |X| = 3. By the fact that H is 2-triangularly connected again, all the three edges in X must be adjacent to one common vertex and therefore X is a trivial edge cut, contradicting the fact that X is an essential edge cut. So |X| ≥ 4 and H is essentially 4-edge connected.
Assuming the truth of Theorem 1.4, we can present the proof of Corollary 1.5, as follows:
Proof of Corollary 1.5. By Lemma 2.2, Λ g (G) ≤ 4. By Theorem 1.4, G ∈ ⟨Z 3 ⟩ and so Λ g (G) ≤ 3.
Proof of Corollary 1.6. It suffices to show that every connected 3-triangular graph is Z 3 -connected.
Suppose, to the contrary, that G is a minimal counterexample with n(G)
. . , L s be the triangularly connected components of G. Then for each i, L i ̸ ∈ ⟨Z 3 ⟩. Otherwise, assume L j ∈ ⟨Z 3 ⟩ and so G/L j is 3-triangular. By the minimality of G, G/L j ∈ ⟨Z 3 ⟩. By Lemma 2.1, G ∈ ⟨Z 3 ⟩, contradicting the choice of G.
Since for each i, L i is not Z 3 -connected, by Lemma 1.3, L i ∈ W F and so G is a simple graph. Let X be an edge-cut of G and e ∈ X . Since G is 3-triangular, there are three distinct cycles C 1 , C 2 , C 3 of length 3 containing e. By the fact that |E(C i ) ∩ X | = 2 for i = 1, 2, 3, we can assume that E(C i ) ∩ X = {e, e i }. Then {e, e 1 , e 2 , e 3 } ⊆ X . Since G is simple, |X| ≥ |{e, e 1 , e 2 , e 3 }| = 4. Therefore, G is 4-edge-connected. By Theorem 1.4, G ∈ ⟨Z 3 ⟩, contradicting the choice of G again. Let L(x, y) be a graph as follows:
. . , L k by identifying y i and x i+1 , where x k+1 = x 1 and i = 1, 2, . . . , k.
It was proved in [7] The graph H(k) defined above is a connected 2-triangular graph, but H(k) is not Z 3 -connected.
Proof of Theorem 1.4
Let F be the family of 4-edge-connected 2-triangular graphs. Let G ∈ F and H 1 , H 2 , . . . , H m be the triangularly connected components of G. Then for all i, j
By way of contradiction, assume that G is a counterexample with n(G) = |V (G)| + |E(G)| minimized. (2) Recall that H 1 , H 2 , . . . , H m are the triangularly-connected components of G.
′ is 4-edge-connected and 2-triangular and so
Claim 2. G is 2-connected.
Proof. Suppose, to the contrary, that v is a vertex cut of G such that G 1 and G 2 are the two subgraphs of G such that G = G 1 ∪ G 2 and V (G 1 ) ∩ V (G 2 ) = {v}. By the structure of G, G 1 and G 2 are both 4-edge-connected and 2-triangular. Therefore,
, by the minimality of G, G 1 , G 2 are both Z 3 -connected and therefore, G is Z 3 -connected, contrary to (2). 
Define a bipartite graph B(G)
then we call X a proper essential edge cut. 
Claim 3. G has a vertex w such that for some
) and without loss of generality, assume that w ∈ D 3 (H k ). Suppose that |X| = 1, that is, X = {e}. Then E H k (w) is an edge cut of G with size 3, contradicting the fact that G is 4-edge-connected. Therefore, |X| ≥ 3. Since every minimal edge cut of B ′ (G) containing e is of size at least 3, every minimal edge cut of B(G) containing e is of size at least 3. 
and N(w 
